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The original problem

Question (Luzin (early 1900s))

Is every Borel function between Polish spaces decomposable as countable union of
continuous functions?
This question has been answered negatively by:

1. Novikov

2. Keldysh (1934) with a generalized level-by-level answer, i.e. she found for each
1 < a < w1 a function Zgﬂ-measurable which cannot be decomposed as countable
union of functions of lower complexity.

Notation

We write f € dec(X2) if f is decomposable as countable union of X%-measurable functions
(on their domains).
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The Solecki Dichotomy

Although such decomposability of Borel functions is false in general, the non decomposable
functions can be characterized using

Theorem (Solecki Dichotomy)

Given X analytic space, Y separable metrizable and f : X — Y Borel; then either
f e dec(X?) or f “contains” the Pawlikowski function P : (w + 1)* — w®, defined as:

Pn)(m) = {0 i -

n(n) +1 otherwise

This result was first proved by Solecki (1998) for Baire class 1 functions and then extended
to all Borel function by Zapletal (2004) and by Pawlikowski and Sabok to all functions
with analytic graphs (2012).

The Pawlikowski function is “equivalent” to the Turing Jump i.e. the function
J:w® — 2%

x> J(x)=x"={ecw|pi(e) |}
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The Solecki Dichotomy (more precisely)

Definition

Given X¢, Yr, Xg, Yz topological spaces and functions f : Xf — Y7 and g : X; — Y, we
say that f embeds topologically into g (f = g) if there exist two topological embeddings
@ : X = Xgand ¢ : Yr — Yy such that pof = gop.

Xe == Y

K% K%

X: v

Theorem (Solecki Dichotomy)

Given X analytic space, Y separable metrizable and f : X — Y Borel function; then either
fedec(X?) or PC f.
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Different reducibilities: (strong) continuous reducibility

Definition

Given X¢, Yr, Xg, Yz topological spaces and functions f : Xf — Y7 and g : Xz — Y, we
say that f is continuously reducible to g (f < g) if there exist two partial continuous
functions ¢ : Xr — Xz and ¢ : Yz — Y7 such that V x € X¢(f(x) = ¥(g(o(x))))-

e = %

K2 I

X; 4 v

The Solecki Dichotomy can be “weakened” with <; in place of = and is not difficult to
prove that J =; P. Moreover, Marks and Montalban recently announced:

Theorem (Generalized Solecki Dichotomy)

Given 1 < a < wn, and f : w* — w* Borel; then either f € dec(Zi(Ha)) or J© <, f.
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Different reducibilities: weak continuous reducibility

Definition
Given Xr, Yr, Xg, Yz topological spaces and functions f : Xf — Y7 and g : Xg — Yg, we
say that f is weakly (continuously) reducible to g (f <. g) if there exist two partial
continuous functions ¢ : Xf — Xg and ¢ : Yy x X¢f — Yr such that

V x € Xe(f(x) = ¥(g(e(x)), X))

Again, the Solecki Dichotomy can be restated with <,, in place of =. We can now state
our main result:

Theorem (Lutz, Carroy, Nicolosi)

Given X Polish space, Y separable metrizable and f : X — Y Borel; then either
f e dec(X%) or JI <, f.

This result was originally proved by Lutz for functions on the Baire space.

Around the decomposability of Borel functions January 22nd, 2026 6/23



How to define effectivity in Polish spaces?

There are two main approaches for using effectivity in Polish spaces:

Using recursively presented metric Using basic spaces, by fixing:
spaces, by fixing: ® a countable basis (basic and

® a compatible metric recursive spaces of Alain Louveau).

® a countable dense sequence

Definition

Let (X, d) be a separable metric space and r = (rj)je., an enumeration (possibly with
repetitions) of a dense subset of X. We say that r is a recursive presentation of X if the
relations on w®

P(i7j7 k) g d(l’,’, rJ) < gk
Q(iaja k)¢>d(rlarl) < gk

are recursive. The structure (X,d, r) is called recursively presented metric space. If
moreover (X, d) is complete, then (X,d, r) is called recursively presented Polish space.
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Basic spaces

Basic spaces

Definition

A basic space X is a pair (X, (Vi)new) Where X is a second countable topological space,
(Vi) new is an enumeration (possibly with repetitions) of a countable basis of the topology
of X2, and there is a semirecursive relation R < w® such that:

Vmﬂ Vn = U{Vp | R(m>n7p)}

PEW

“The V,s are not necessarily not empty.

The space w is basic with the enumeration of the basis given by V,;’ = {n}.

Subspaces, finite products and countable products of basic spaces are basic spaces.

In particular, we have a canonical structure of basic space for each product space X x w,
with X = (X, (V¥ )new) basic space.
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Basic spaces

> 9 sets

Definition

A subset A of a basic space X is called X9(X) (also said effectively open in X) if there is
a semirecursive set A* in w such that
A= J vt

neA¥

The X9 sets of the basic space (w, ({n})new), are exactly the semirecursive sets.

Definition

Given X, Y basic spaces, a function f : X — ) is X-recursive if its diagram is Y9, that is:
Dr = {(x,n) | f(x) € V¥'} e TI(X x w)

Any Y%-recursive function is also continuous. Moreover, the ¥S-recursive functions
generalize not only the computable functions on the natural numbers but also the
computable functions on w*” (Type-2 theory of effectivity).

Around the decomposability of Borel functions January 22nd, 2026 9/23



Basic spaces Recursive spaces

Recursive spaces

Definition

Given X, Y basic spaces, f : X — Y is a recursive isomorphism if it is ¥°-recursive,
bijective, and has ¥ 9-recursive inverse.

Fact

Any recursively presented metric space (X,d, r) admits a structure of basic space by
considering V, = {x € X | d(F(n)s»X) < Qny; }-

Definition

A basic space X is recursive if it is recursively isomorphic to a subspace of a recursively
presented metric space.

Proposition

Any recursive space is recursively isomorphic to a subspace of the Hilbert cube [0,1]%.
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Basic spaces Universal sets

Universal sets and relativization

Definition

Given X and Y basic spaces, G € X3(X x V) is universal for X2()) if

VPc Y(PexXle IxeX(P=G))
where Gy = {y € Y | G(x,y)} is called x-section of G.

A similar definition can be given for X{ sets (i.e. open sets) in topological spaces.

Considering a a-semirecursive set instead of a semirecursive A* in the definition of effective
open set, we obtain the pointclass of a-effectively open sets that we denote with Z(l)’a.

One can prove that for any recursive space X: Z3(X) = U, .o To ().
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Basic spaces Universal sets

Lightface pointclasses and universal sets

A lightface pointclass is a collection of subsets of basic spaces closed under X3-recursive
preimages. The pointclasses in the Arithmetical Hierarchy are defined (by induction) as:

$oni=-%  $,=3M Ma=-%, A=%~0;
and similarly one can define the Analytical Hierarchy:
si=3n? ni=-3 Al=slam
As for X9 sets there is a notion of universal sets, in particular the following holds:

Theorem (Universal sets for lightface pointclasses)

Given X recursive space and a lightface pointclass T between ¥°, M°, X1 and MNi, then
there is a set G € I'(w x X)) which is universal for ' (X).

Moreover, the process of relativization can be extended also to these pointclasses,
obtaining this way the corresponding topological /boldface pointclasses.
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Basic spaces Universal sets

A particular universal system

Given an oracle a € w” we denote with WS the e-th a-semirecursive set of w (that is
W ={new| ge(n) |}). Given a recursive space )V, we define:

Hg? ={(a,e,y)ew’ xwx Y| Ine Wye V))}
HY% ={(a,e,y)ew” xwx Y| Jicw-Hy (o e i,y)}
n+1 n

The a-section Hgg,a is universal for X%*()), hence (Hgg)y is a parametrization system.

The reason why we are interested in this specific parametrization system is because it has
the following property:

Definition

A parametrization system (GY)y is effectively good if for every k € w, and every recursive
space ) exists a computable function S : w*t! — w such that:

VeewVY xew Vye Y(G“’kxy(e,x,y) d Gy(S(E‘,X)7Y))

As any separable metrizable has a structure of e-recursive space (for a strong enough
oracle € € w*), we extend this construction to any separable metrizable space.
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Continuous degrees

Continuous degrees

Definition

Given X and )Y recursive spaces, y € Y is representation reducible to x € X (and we
write y <y x) if there is some e € w such that ®XY(x) = y, where XV is the e-th
partial £9-recursive function on its domain.

<m is a quasi-order (reflexive and transitive).

Definition (Continuous degrees [Mil04] and [GKN20])

Given X recursive space, the continuous degree of x € X is its equivalence class under
the relation =u (over elements of recursive spaces).

Given X recursive space,
1. VxeX3ze[0,1]”(x =m 2).
2. Vx,yew“(y <7 x< y <mx)
3. VxeXVzew(x<mz<e Ipew(px(p) =xnAp<T2)
where px : w“ — X is the admissible representation defined as follows:
px(p) = x < ran(p) = {new| xe V;"}
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The Turing jump for recursive spaces

The notion of Turing Jump can be extended to all recursive spaces

Definition ([GKN20])

Given X recursive space, the ¥%-jump is the function defined as:
I X -2

X — Jggn)’o‘(x) ={ecw]|xe H;:%’a’e}

Similarly, we define the X% jump for e-recursive spaces and a >7 .
The usual Turing Jump on the Baire space is “equivalent” to the X%-jump JSJ’Q. In fact:

Vxe ww(J(EB’g(X) =7 J(x))

For this reason, we simply write x(" instead of J("™V o J;(fl)’g(x).
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[@UULITCIERCIII A jump operator

The defined operator shares common property with the usual Turing Jump:
Given X and Y recursive spaces, then:

* VxeXVyeY(x<my=JP7(x) <1t 7 (y))

© VxeX3pew(px(p) =x I (x) =1 p)
Moreover, it is universal in the following sense:

Proposition (Folklore?

Given X, Y separable metrizable and f : X — Y X2, ;-measurable then f <, Jng'g‘z.

Proof.

Let i : X — R” be a topological embedding, then f o/~
Z for some powerful enough oracle v € w”.Define
7(2) =Moo (VY | 3i € wz(S(e, i, m)) = Oadiam(VY) < 2(Mo} then f = 70 J 7o i:

Foi ™ (x) € V3 n diam(V2) <27 & (x,m) € HE A diam(V3) <270
n+17>

!is ¥27,-recursive on its domain

o Jiew (x,m) ¢ HE. A diam(VY) < 27 (™o

e Jicwx ¢ Ha | seim Adiam(Vp) < 27(e

e Ficw SO (x)(S(e,i,m)) =0 A diam(VY) <270 = +0 JO 7 (x) e v
observe that 7 is partial continuous as defined using a Cantor scheme. O
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[GDELINERIL I Shore-Slaman Join Theorem

Shore-Slaman Join Theorem

Theorem (Shore-Slaman Join Theorem for recursive spaces [GKN20])

Let X and ) be recursive spaces, xe X, ye Y, andnew. Ify £y ") then there is a
G e 2¥ such that G =y x A G =), G y.

Moreover, the same result holds for any ordinal £ < wICK, in particular: if

V¢ <E(y €mx©), then 3Ge2(G=mx A GO =y GDy).

Theorem (Generalized Posner-Robinson for recursive spaces)

Given X and )Y recursive spaces, for every n € w
VxeXVyeY(y<wm x(M v 3ge’(x®y®g =um (g(—Bx)("+1)).
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An application to Descriptive Set Theory [MRNFAR-ELIE

A modification of Lutz's game

Given two functions f : w* — w® and g : X — ) (where X’ and ) are recursive spaces)
we define the game Gu(f, g) as follows: Player 2 first plays a code e € w corresponding to
a Y%-recursive function. For the rest of the game, Player 1 plays each turn a digit of a real
X = xpx1 ... € w* and Player 2 plays a digit of two reals, b = bgb; ... € w* and
zZ=20z1...E€Ew".

Player 1 ‘ X0 X1

Player 2 e Vis, 2 Viy, z1

Player 2 wins if and only if b is a px-name for an element y € X, (i.e. b e dom(px)) and
Fx) = 8 (g(p (b)), x, 2).

If f and g are Borel functions and the domain of the representation px : w* — X is Borel,
then the payoff of the game Gu(f, g) is Borel.
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An application to Descriptive Set Theory [MRNFAR-ELIE

Lemma (Lutz, Carroy, Nicolosi)

® [f Player 2 has a winning strategy for Gy (f,g) then f <, g.
* If Player 1 has a winning strategy for Gy (J™, g) then g € dec(XY).

Sketch of the proof.

® Consider as ¢(x) = px o ¢(x) (where ¢ is the function determined by the winning
strategy of Player 2) and as ¥(w, x) = &2 X%y« 7).
® We consider the function & = g o px. One can prove that:
1. & decomposable in £%-measurable functions on px-saturated pieces = g € dec(X?):
If {Bm}mew is such a covering, then {px[Bm]}mew is a covering such that on each

piece g is ):(,),-measurable. Indeed, as px : w¥ — X is continuous, open, with Polish

fibers, we can use a theorem of Saint-Raymond to prove that, given an open set U, then
(g1px[Bm]) M [U] = px[(&1Bm)~'[U]] € Z).

2. If for some 7 € w¥ V b e dom(g)(g(b) <m (pa,(b) @ 7)("=1), then g is
decomposable in Z?,—measurable functions on the following px,-saturated domains:

Bm = {be dom(px,) | £(b) = @5 =% (pa, (b) @)D}

Remains to prove that V b e dom(g)(g(b) <m px(b) @ 7) where 7 is the winning
strategy for Player 1.
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Sketch of the proof. (continued).

Towards a contradiction, suppose that for some b € dom(g) g(b) £m px(b) ® 7.
Then, there is a w € w* such that:

) smw A (px(b)@n)" ™V <y w

and, by Generalized Posner-Robinson, there is a v € w“: g(b)®w®v =u (v® W)(").Now
we explain how to win while playing as Player 2 against 7, actually to reach the (stronger)
condition ®2= < " (8(b),z) = J((x): Observe that differently from the original proof,
v @ w could not compute Player 1 moves because it could not compute the other element
b. So we have to find a different name p (using properties of representation reducibility)

such that w >y p. Then if Player 2 plays b = p and z = v @ w, then:

Ep)@z=nEpP)@wdv = (W) =y x"
In particular, this computation depends uniformly on the first element played e, that is:
Veew (0 (g(p), 2,e) = dn(x))

Therefore, using Kleene's Recursion Theorem for recursive spaces, one get the right e to
play. 4 O
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An application to Descriptive Set Theory Lutz's game

Using Borel determinacy we get

Theorem (Lutz, Carroy, Nicolosi)

Given X, Y recursive spaces such that px has Borel domain and g : X — ) Borel
function; then either g € dec(Z%) or J™ <., g.

Clearly, under the Axiom of Determinacy, this result generalizes to all recursive spaces and
functions. In addition:

The domain of the considered representation is Borel for any recursively presented Polish
spaces.

Thus we get:

Corollary

Given X recursively presented Polish space, ) recursive space and g : X — Y Borel
function; then either g € dec(Z%) or J™ <, g.
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Further directions

® [s it possible to find a game that characterizes weak reducibility <, in a wider
context? (e.g. in separable metrizable spaces)

® How to extend this result to all Borel hierarchy?

® Can this result be strengthened up to the Generalized Solecki Dichotomy proved by
Marks and Montalban? What about the topological embedding?

Thank you for your attention.
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